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Abstract Motivated by improving performance of a bi-stable vibration energy harvester (VEH) from the viewpoint 
of vibration control, the time-delayed feedback control of displacement and velocity are constructively proposed 
into an electromechanical coupled VEH mounted on a rotational automobile tire, which is subject to colored noise 
and the periodic excitation. Using the improved stochastic averaging procedure based on energy-dependent 
frequency, the expressions of stationary probability density (SPD) and signal-to-noise ratio (SNR) are obtained 
analytically. Then, the efficiency of time-delayed feedback control on the stationary response and stochastic 
resonance (SR) for the delay-controlled VEH is explored in detail theoretically. Results show that both 
noise-induced SR and delay-induced SR can occur. Time delay is able to not only enhance the SR behavior but also 
weaken it. Furthermore, a larger negative feedback gain of displacement and a larger positive feedback gain of 
velocity are more beneficial for VEH. Interesting finding is that the optimal combination of time delay in 
maximizing the harvested performance, such as the harvest power, the output RMS voltage and the power 
conversion efficiency, is almost perfectly consistent with that in maximizing SNR. Compared with the uncontrolled 
VEH, the delay-controlled VEH can achieve certain desirable optimization in harvesting energy by choosing the 
appropriate combination of time delays and feedback gains.  
Keywords Coupled energy harvester; Colored noise; Time-delayed feedback control; Stochastic resonance; 
Optimization. 
1. Introduction 
Vibration energy harvester (VEH) has the ability of utilizing ambient vibration as energy source to harvest 
electrical power relying on a piezoelectric cantilever in direct piezoelectric effect of vibration-to-electricity 
conversion. Most solutions currently for enhancing harvested energy mainly focus on resonance behavior, in which 
case the vibration frequency is coincident to the natural frequency of VEH [1-4]. Traditionally, linear VEH is the 
common design type for simplicity [5]. Nevertheless, the linear design suffers from a critical disadvantage in terms 
of frequency bandwidth, and ambient vibration sources mostly have wide bandwidth. Consequently, the character 
of narrow bandwidth in linear design makes the linear VEH insufficient to harvest energy from ambient vibration 
with a wider spectrum. A solution to deal with these difficulties is located in nonlinear bi-stable design for VEH 
which has been widely applied currently and can enhance the efficiency through increasing the relationship 
between ambient excitation and VEH response [6-10]. For instance, He et al. [10] has demonstrated that the 
nonlinear bi-stable VEH can harvest electric power efficiently with the effect of nonlinearity. Although nonlinearity 
has been proved as a better solution for improving performance of VEH, it is even insufficient for multiple 
applications related to electrical consumption necessities.  
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One promising potential technique for enhancing harvested energy can be achieved by using the control 
method, which can improve the interaction of ambient excitation and piezoelectric cantilever vibration [11,12]. 
From the viewpoint of vibration control, the time-delayed feedback control will be adopted to adjust nonlinear 
vibration and optimize system performance [13-17]. Time delay commonly exists in the feedback process of a 
controlled electromechanical system such that it may has significant impact on system response. Jin et al. [14,15] 
demonstrated in the study of a Duffing oscillator with delayed state feedback that the appropriate choice of time 
delay and feedback gain can enhance the control performance of dynamical systems. Yang et al. [16] studied the 
stiffness nonlinearities SD oscillator under time-delay control and found that time delay can not only enhance the 
control performance but also suppress the vibration. Furthermore, Yang et al. [17] also found in a novel hybrid 
energy harvester with time delay that the time-delayed feedback control can enhance stochastic resonance 
phenomenon leading to a large response and a high output power. Owing to the foregoing advantages of control 
performance, time-delayed feedback control has become a very popular solution in the field of VEH for improving 
the energy harvesting effectiveness [17-19]. Therefore, the time-delayed feedback control of displacement and 
velocity is considered in this paper and its efficiency is explored deeply for an electromechanical coupled bi-stable 
VEH mounted on a rotational automobile tire. 
After mounted on a rotational automobile tire, the VEH can be excited autonomously by the periodic force 
caused by the gravity of the mass and also be disturbed inevitably by the random road excitation [20-22]. In this 
study, the random road excitation (i.e. road irregularity) is assumed as colored noise and generated by passing a 
white noise through a linear first-order filter [22-24].To the authors’ knowledge, the stochastic dynamics of a 
bi-stable VEH with time-delayed feedback control driven by colored noise and a periodic excitation has received 
less attention. 
Despite the challenges associated with strong nonlinearity and complexity of stochastic dynamical behavior 
induced by noise in bi-stable systems, it has been demonstrated [22,25,26] that the improved stochastic averaging 
procedure based on energy-dependent frequency is efficient to describe the Brown motion in two potential wells. 
There are three different periodic motions in the two potential wells according to the energy levels, i.e., vibrating in 
the right-side potential well, in the left-side potential well or jumping from one well to the other. Zhu et al. [26] 
firstly proposed the improved stochastic averaging method adopting the variable natural frequency and period of 
the system corresponding to the different energy levels. Later, the improved stochastic averaging procedure based 
on energy-dependent frequency got widely used in the study of nonlinear systems, covering the mono- and 
multi-stable systems [22,27,28]. 
The purpose of this paper is to study the stochastic dynamics in an electromechanical coupled bi-stable VEH, 
which is mounted on a rotational automobile tire and subjected to random road excitation. The contributions of 
time-delayed feedback control on enhancing the energy harvesting are discussed. The paper is organized as follows:  
In Sect.2, the mathematical model of delay-controlled electromechanical VEH, driven by colored noise and 
periodic excitation, is established and the equivalent uncoupled system is derived by introducing the harmonic 
transformation and integrating voltage equation. In Sect. 3, the joint SPD, the effective generalized potential 
function and the mean output power are obtained analytically by applying the improved stochastic averaging 
procedure. Then, the effects of time delay on the stochastic stationary response for delay-controlled VEH are 
mainly analyzed. Meanwhile, the Monte Carlo simulations (MCS) results are also given to verify the validity of the 
proposed theoretical method. In Sect. 4, the analytical expression of SNR is obtained, and then the effect of time 
delay on the delay-controlled SR is mainly explored theoretically. Meanwhile, the output RMS voltage and the 
power conversion efficiency affected by time delay are also analyzed in detail to evaluate the delay-controlled 
optimization induced by SR. Finally, some specific conclusions are drawn in Sect. 5. 
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2. Delay-controlled electromechanical VEH 
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Fig. 1 (a) A VEH mounted on a rotational automobile tire adopted from Ref. [17]; (b) Physical diagram of a coupled VEH with 
feedback controller; (c) Schematic of the delay-controlled VEH coupled with (d) Piezoelectric mechanism 
The model of a delay-controlled electromechanical coupled VEH mounted on a rotational automobile tire is 
given in Fig. 1, which has been improved here by considering the time-delayed feedback control based on that of 
Refs. [21,22]. The VEH consists of a mechanical oscillator coupled to an electrical circuit, for 
vibration-to-electricity conversion by the piezoelectric mechanism, and a time-delayed feedback controller. In the 
case of the rotational automotive tire, the system can be autonomously driven by the periodic excitation, caused by 
the gravity of mass M , and the road irregularity which is considered as colored noise here. The controller is 
designed as a time-delayed feedback control of displacement and velocity. Thus, the dimensionless coupled 
system with time-delayed feedback control can be expressed as 
 1 2
0d ( ) ( ) sin ,
d
,
U X
X X V X X t G t
X
V V X
      

+ + + = + + + 
+ =
 (1) 
where
1 1
( )X X t = − , 2 2( )X X t = − ; 1  and 2  are the time delay; X  denotes the dimensionless displacement of 
the mass M ; V  is the harvested electric voltage;   denotes the feedback gain of dimensionless displacement; 
  denotes the feedback gain of dimensionless velocity; 
 
denotes the dimensionless damping coefficient;   is 
the electromechanical coupling coefficient;   is the time constant ratio; sinG t   denotes the periodic 
excitation caused by the gravity G  of mass under the rotational environment;   is the dimensionless coefficient 
of periodic excitation; ( )t  is the colored noise caused by road irregularity, whose statistical properties are given 
as 
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 ( ) 0, ( ) ( ) exp ,
t sD
t t s
c c
  
 − 
= = − 
 
 (2) 
in which, D  and c  denote the noise intensity and the correlation time of colored noise, respectively. 
The symmetric quartic potential function 
0 ( )U X  is 
 2 4
0 1 3
1 1
( ) ,
2 4
U X X X = − +  (3) 
where 
1  and 3  denote the dimensionless linear and cubic stiffness coefficients, respectively. It has two stable 
equilibria and one unstable saddle point, i.e. 
 * * *
1 1 3 2 1 3 3, , 0.X X X   = = − =  (4) 
By introducing the generalized harmonic function, the system displacement and the system velocity can be 
reformed as 
 
 
 
*( ) ( ( ))cos ( ( )) ( ) ( ( )),
( ) ( ( )) ( ( ))sin ( ( )) ( ) ,
iX t A H t H t t t X H t
X t A H t H t H t t t
 
  
= + +
= − +
 (5) 
where 1,2,3i =  represents the three different motions vibrating in the right-side potential well, in the left-side 
potential well or jumping from one well to the other. ( )A H  and ( )H  are the energy-dependent amplitude and 
the energy-dependent frequency, respectively. Both are slow-varying stochastic processes compared with the state 
variables of system. 
Through the harmonic transformation, the time-delayed feedback control of displacement and velocity in Eq. (1) 
can be expressed approximately as 
 
  ( )  
  ( )  
*
1 1 1
*
2 2 2
( )
( ) sin ( ( )) ( ) ( ( )) cos ( ( )) ,
( ( ))
( ) ( ) cos ( ( )) ( ) ( ( )) ( ( ))sin ( ( )) .
i
i
X t
X t H t X t X H t H t
H t
X t X t H t X t X H t H t H t
    

     
−  − + −
−  + −
 (6) 
For the purpose of uncoupling Eq. (1), the dimensionless voltage equation can be integrated and then 
transformed by s t u= −  into the following form 
 ( )1
0 0
( ) ( )d ( ) ,
t t
t t u sV t C e e X u u e X t s ds  − − − −= +  −   (7) 
where 1
tC e −  can be neglected for reason that the longtime stationary response is just concerned in the system. 
After the harmonic transformation, similar to the derivation of Eq. (6), ( )X t s−  can be derived approximately 
as 
   ( )  *( ) ( )cos ( ( )) ( ) ( ( )) ( ( ))sin ( ( )) .iX t s X t H t s X t X H t H t H t s  −  + −  (8) 
Consequently, by substituting Eq. (8) into Eq. (7) and neglecting the exponential decay term, the voltage can be 
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obtained as the following form 
 ( )
2
*
2 2 2 2
( ( ))
( ) ( ) ( ( )) ( ).
( ( )) ( ( ))
i
H t
V t X t X H t X t
H t H t
 
   
= − +
+ +
 (9) 
Thus, the equivalent uncoupled system can be obtained by substituting Eqs. (9) and (6) into Eq. (1) 
 3 *
1 3 ( ) ( ) sin ,iX X X X X X t G t     + − + + − = +   (10) 
where 
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( ) ( )
1 22 2
2
1 22 2
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H H
HH
H
H H H
H
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      
 

      
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= + + −
+
= − −
+
 (11) 
From Eq. (10), one can get the quartic potential function and total energy function as 
 2 4 21 3
1 1 1
( , ) sin ,
2 4 2
U X t X X X X G t   = − + + −   (12) 
 2
1
( , , ) ( ).
2
H X X t X U X= +  (13) 
The energy-dependent frequency ( )H  of Eq. (11) can be obtained as 
 
1
2 d
( ) 2 ,
( ) 2 2 ( )
b
a
x
x
X
H
T H H U X

 
−
 
= =  
−  
  (14) 
where 
ax  and bx  denote the min and the max displacement determined by ( )H U A=  in the absence of delay 
feedback control and harmonic excitation. According to the given energy level H , there are three different 
periodic motions, i.e., vibrating in the right-side potential well, in the left-side potential well or jumping from one 
well to the other. It should be noted that 
a bx x= −  when the Brown particle jumps from one well to the other. Due 
to the existence of the unknown ( )H  in ( )U X , the energy-dependent frequency ( )H  can be calculated by 
applying the iteration method. A similar calculative process can be found in Ref. [22]. 
Figure 2 shows the variation of the potential ( )U X  in the absence of harmonic excitation from Eq. (12) and 
the potential well depth U with different values of control parameters  ,  , 1  and 2 . Note that 
min( ( ))U U X = . It can be seen that ( )U X  is a double-well symmetric potential function about displacement 
X (see Figs. 2(a) and 2(d)) and varies periodically with increase of 2  as shown in Fig. 2(a). For the time-delayed 
velocity feedback control, as shown in Fig. 2(b), with the increase of the feedback gain  , well depth U  
increases in some ranges of 2  while decreases in other ranges. This phenomenon can also be found in Fig. 2(c) 
for the time-delayed displacement feedback control. These imply that the effects of feedback gains on potential 
function in the direction mainly depend on the chosen values of the time delays. For fixed 1 1.3 =  and 2 0.5 = , 
we find that the feedback gains of displacement and velocity can change not only the well depth but also the well 
space as depicted in Fig. 2(d). 
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Fig. 2 (a) The potential ( )U X for fixed 0.01 = , 1 0.5 = , 0.01 = ; (b) The function of U  versus 2  with different values of 
  for fixed ( ) ( )1, 0.01,0.5  = ; (c) The function of U  versus 1  with different values of   for fixed ( ) ( )2, 0.01,0.5  = ; (d) 
The variation of ( )U X with different values of   and   for fixed 1 21.3, 0.5 = = . The other system parameters are set as 1 3 = , 
3 3 = , 0.3 = , 0.05 = . 
3. Delay-controlled stochastic stationary response 
The equivalent uncoupled system (10) can be replaced by two first-order differential equations for ( )X t  and 
( )H t  as follows 
 
( )*
2 2 ( ),
( ).i
X H U X
H X X X X t  
=  −
= − − +
 (15) 
Due to the energy process ( )H t  being an approximate Markovian, by applying the improved stochastic averaging 
method of energy envelope based on the energy-dependent frequency ( )H  in Eq. (14), the averaged ˆIto  
equation for ( )H t  can be obtained as below  
 d ( )d ( )d ( ),H m H t H B t= +  (16) 
where ( )B t  denotes the standard Brown motion, ( )m H  and ( )H  denote the averaged drift and diffusion 
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coefficients as the follows 
 
( )* 2 2
2 2
2 2
( ) ,
1 ( )
2
( ) ,
1 ( )
i
t
t
D
m H X X X
c H
D
H X
c H
 



= − − +
+
=
+
 (17) 
where 
t
 denotes the time averaging, i.e., 
 ( )
( ) ( )
0
1 1 ( )
d d d .
2
T
t
H
t X X
T T X X


= = =    (18) 
Note that 
 * * * *
1 1
d d d 0,i i R Lt
R L R L
XX X X X X X X
T T T
 
= = + = 
+  
    (19) 
due to the symmetry of the right-side and left-side potential wells in the absence of harmonic excitation. 
Accordingly, we can obtain the SPD of the total energy from the ˆIto  Eq.(16) as 
 0
2 2
2 ( )
( ) exp d ,
( ) ( )
N m H
p H H
H H 
 
=  
 
  (20) 
where 
0N  is a normalization constant. 
One can prove that 
 2
2
d 1
ln ( ) .
d t
t
T H X
H X
  =
 
 (21) 
Thereby, the joint SPD of the equivalent uncoupled system (10) can be derived by ( , ) ( ) ( )p X X p H T H=  as 
 
2 2 2 2
2 2 4 20
1 3
(1 ( )) (1 ( )) 1 1 1 1
( , ) exp sin .
2 2 4 2
N c H c H
p X X X X X X X G t
D D
  
   
 + +  
= − − + + −   
  
 (22) 
From the SPD in Eq. (22), the effective generalized potential function of the system displacement and the 
velocity can be got as 
 2 2 2 2 4 2
1 3
1 1 1 1
( , , ) (1 ( )) cos .
2 2 4 2
U X X t c H X X X X X G t     
 
= + − + + −  
 
 (23) 
According to Eqs. (9) and (22), one can derive the mean-square voltage and then get the mean output power as the 
follows 
 
2
2
2 *
2 2 2 2
( )
( ) ( , )d d ,
( ) ( )
i
H
E V X X H x P X X X X
H H
 
   
 
− −
 
   = − +    + + 
   (24) 
   2 .E P E V  =    (25) 
According to the analysis of the effects of time delay on the potential function (12) in the absence of harmonic 
excitation, the time-delayed feedback control may be of great significance in the performance optimization of 
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energy harvester. Thus, the effects of time-delayed feedback control on the output power of the VEH (1) in the 
absence of harmonic excitation are analyzed. The main system parameters are set as 
1 3 = , 3 3 = , 0.3 = , 
0.05 = , 0.02 = , 0.005D = , 0.3c = . 
First of all, the theoretical results by the stochastic averaging method are shown and compared with the 
numerical results by MCS from the original system Eq. (1) to verify the above obtained theoretical results (22) and 
(25), as displayed in Fig. 3. The joint SPD in Fig. 3(a) and the mean output power [ ]E P  denoted by solid line in 
Fig. 3(d) are the analytical results determined by Eqs. (22) and (25), respectively. The corresponding numerical 
results can be seen in Figs. 3(b) and 3(d) depicted with circle symbols. It is found that they are consistent very well. 
Figure 3(c) shows the variation of the mean output power [ ]E P  by Eq. (25) with the feedback gain of 
displacement   and the feedback gain of velocity  . For the small time delay ( ) ( )1 2, 0.5,0.5  = , [ ]E P  
increases as   increases while decreases as   increases, and [ ]E P  gets certain enhancement in the 
combination of a negative feedback gain of displacement and a positive feedback gain of velocity, which indicate 
that a larger negative feedback gain   and a larger positive feedback gain   are more beneficial for the output 
power of the system. Furthermore, a larger negative feedback gain   and a larger positive feedback gain   are 
chosen, e.g., ( ) ( ), 0.01,0.01  = − , and the comparison of controlled and uncontrolled cases is present in Fig. 3(d). 
Obviously, the output power under controlled case is superior to that under uncontrolled case. These indicate that 
the harvested power of the delay-controlled energy harvester can be enhanced by choosing the appropriate 
combination of time delays and feedback gains. 
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Fig. 3 (a) The theoretical result of the joint SPD by Eq. (22) and (b) its corresponding numerical result from original system Eq. (1) for 
fixed ( ) ( )1 2, , , 0.01,0.01,1.3,0.5    = ; (c) The dependence of the mean output power [ ]E P  on the time-delayed feedback gains   
and   for fixed ( ) ( )1 2, 0.5,0.5  = ; (d) The dependence of [ ]E P  on the colored noise intensity D  with different time-delayed 
feedback gains   and   for fixed ( ) ( )1 2, 0.5,0.5  = , where the solid lines denote the theoretical results and the circle symbols 
denote the numerical results.  
The effects of time delays 
1  and 2  on the mean output power [ ]E P  by Eq. (25) are present in Fig. 4. It 
can be seen in Fig. 4(a) that [ ]E P  changes periodically with the increases of 
1  and 2 . More interesting thing 
is that [ ]E P  has many peak values by choosing the optimal combinations of time delays 
1 2( , )  . For 1  ranges 
in [0,2], [ ]E P  gets the peak value at 
1 2( , ) (0.7,2.6)  = . Furthermore, the output power [ ]E P  of VEH with 
time-delayed feedback control of displacement and velocity at 
2( , , ) ( 0.005,0.005,2.6)   = −  outperforms that of 
the system only with time-delayed feedback control of displacement at 
2( , , ) ( 0.005,0,0)   = −  (see Fig. 4(b)). 
Meanwhile, for the controlled system with displacement feedback, a larger negative feedback gain   of 
displacement can output much more power [ ]E P  markedly around 
1 0.7 = . 
   
Fig. 4(a) The dependence of the mean output power [ ]E P  on the time delay 1  and 2  for fixed ( ) ( ), 0.005,0.005  = − ; (b) The 
dependence of [ ]E P  on the time delay 1  with different time-delayed feedback control cases. 
4. Delay-controlled stochastic resonance 
From the above analysis, the time delay plays a constructive role in enhancing the output power in the 
controlled system without the harmonic excitation. For purpose of harvesting the electric energy from the external 
environment more effectively, it is a great idea to install the delay-controlled energy harvester on a rotational 
automobile tire such that it can be excited autonomously by the periodic excitation caused by the gravity of the 
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mass. Experiments [20,21] have validated this design, showing that an energy harvester can effectively scavenge 
much more electric energy from rotational environment by using SR phenomenon induced by the rotational 
automobile tire. According to the purpose, in this section, we mainly focus on the effect of time delay on the 
delay-controlled VEH under the rotational environment by observing the output SNR, which can characterize the 
SR phenomenon quantitatively. Meanwhile, the output RMS (root mean square) voltage and the power conversion 
efficiency affected by time delay are also analyzed to evaluate the delay-controlled optimization capability induced 
by SR phenomenon. Here, the values of the periodic excitation parameters are chosen as 0.1 = , 0.1G = , and 
0.05 = .  
The SNR of the delay-controlled system can be expressed as the ratio of the output power spectrum 1( )S   of 
the signal and the output power spectrum 2 ( )S   of the noise, i.e., 
 
1
0
2
( )d
.
( )
S
SNR
S

  
=
 = 

 (26) 
In order to obtain the analytical expression of SNR, the Langevin equation of the equivalent uncoupled system 
(10) can be expressed as a two variable system 
 
3 *
1 3
,
( ) ( ) sin .i
X Y
Y X X X X X t G t     
=
= − + − − − + + 
 (27) 
Let 0X = , 0Y = , two stable equilibria ( ,0)s sX x   and one unstable equilibria ( ,0)u uX x  of the 
deterministic model for system (27) without time-delayed feedback control and harmonic excitation can be 
obtained as 
 
2
1 32 2
( )
( ) / , 0.
( )
s u
H
x x
H

 
 
=  − =
+
 (28) 
Then, the eigenvalues of the linearization characteristic equation at the three equilibria sX + , sX −  and uX  can 
be got as 
 
2
2 2
1 32 2 2 2 2 2
1 ( )
( ) ( ) 4( 3 ) ,
2 ( ) ( ) ( )
m m
H
c c x
H H H
  
  
     

 
= − +  + − − + + 
+ + +  
 (29) 
where m  denotes s+ , s−  and u  in Eq. (28), respectively. 
Subsequently, by using the definition of mean first-passage time and the steepest descent method, the exact 
expression of the transition rate R  out of sX   can be obtained as 
 
( ) ( )1
exp .
2
s s u s u
u
U X U X
R
D
  
 
  
+ − +
 −
 − 
=  
  
 (30) 
By substituting Eq. (23) into Eq. (30), the transition rate R  can be further expressed as 
 
2 2
2 4 2
1 3
1 (1 ( )) 1 1 1
exp sin .
2 2 4 2
s s u
s s s s
u
c H
R x x x x G t
D
    
   
 
 
   
+ − +
 −
 +  
= − + + −   
  
 (31) 
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The expansion in the sin t   term and the preservation of the first nontrivial order in the above equation (31) can 
lead to the following form 
 
0 1 sin ,R R R t = +   (32) 
where 
 
2 2
2 4 2
0 1 3
1 (1 ( )) 1 1 1
exp ,
2 2 4 2
s s u
s s s
u
c H
R x x x
D
    
  
 
 
  
+ − +
−
 +  
= − + +  
  
 (33) 
 
2 2
1 0
(1 ( ))
.s
c H
R R G x
D
 

+
=  (34) 
Therefore, the output spectrum of the delay-controlled system can be obtained as 
  
2 2 2 22 2
1 01
1 22 2 2 2 2 2
0 0 0
2
( ) ( ) ( ) 1 ( ) ( ).
2( ) 2( )
s sx R x RR
S S S
R R R
  
  
 
     =  − +  + + − =  +  
+ + + 
 (35) 
Consequently, the analytical expression of the SNR of the delay-controlled system can be finally obtained as 
below by substituting Eq. (35) into Eq. (26) 
 
1
2 2 2 2
1 1
2 2
0 0
1 .
4 2( )
R R
SNR
R R
  
−
 
= − 
+ 
 (36) 
Moreover, in order to evaluate the delay-controlled optimization capability by SR phenomenon in the energy 
harvester under rotational environment, the output RMS voltage 
rmsV  and the power conversion efficiency %  
affected by time delay are also analyzed in the following study. Here, the power conversion efficiency %  is 
defined to assess the total efficiency from the provided mechanical power by rotational environment to the 
harvested electrical power, i.e. 
  % 100% ,e mP P =  (37) 
where 2eP V= , ( ) sinmP X t X G t = +   in which  implies time-average and ensemble average.  
The effect of time delay on the output SNR are present in Fig. 5. Obviously, for fixed time delay, with the 
increase of noise intensity D , the output SNR increases firstly to a maximum and then decreases continually. This 
phenomenon manifests evidently that the noise-induced SR occurs. It can be observed in Fig. 5(a) that, for fixed 
1 0.5 = , as   increases, the peak value of SNR changes slightly while the position of the peak moves toward 
large noise intensity gradually. Whereas, the position of the peak in SNR moves to small noise intensity gradually 
with the increase of   for fixed 2 0.5 =  (see Fig. 5(b)). In these two subplots, if the noise intensity D  of the 
weak noise is fixed as 0.005 displayed with the red lines, we can find that SNR increases monotonically with 
decreasing   and increasing  . These once again indicate that a negative feedback gain   and a positive 
feedback gain   are more beneficial for the SR behavior of the controlled system in the case of weak noise. 
Whereas, in Figs. 5(c) and 5(d), for fixed 0.005D =  (see the red lines), the output SNR exhibits non-monotonic 
with the variations of time delays 1  and 2 , which indicates that 1  and 2  are able to not only enhance the SR 
behavior but also weaken it for the delay-controlled system. 
Sequentially, the joint effect of 1  and 2  on the output SNR is present in Fig. 5(e). We find that there exist 
multi peaks in the output SNR, which indicates that the SR behavior of the controlled system can be optimized by 
choosing the suitable combination of time delay 1 2( , )  , e.g. 1 2( , ) (0.6,2.5)  = .  On the contrary, if chosen at the 
minimum of SNR, time delay can also weaken the SR behavior seriously. Interesting finding is that the optimal 
combination of 1 2( , )   in maximizing SNR is almost perfectly consistent with that in maximizing the mean output 
12 
 
power [ ]E P  by comparing Figs. 5(e) and 4(a). 
 
 
Fig. 5(a) SNR versus   and D  for fixed 
1 0.5 =  in the absence of velocity control; (b) SNR versus   and D  for fixed 
2 0.5 =  in the absence of displacement control; (c) SNR versus 1  and D  for fixed 0.01 = −  in the absence of velocity control; 
(d) SNR versus 
2  and D  for fixed 0.01 =  in the absence of displacement control. (e) SNR versus 1  and 2  for fixed 
0.005 = −  and 0.005 = . The red lines are plotted at 0.005D = . 
Furthermore, according to the above study about the effect of time delay on the output SNR, the comparisons 
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of delay-controlled case and uncontrolled case for the VEH in the output RMS voltage 
rmsV  and the power 
conversion efficiency %  are also presented in Fig. 6. For the delay-controlled case, an optimal combination of 
1 2( , )   is chosen as (0.6,2.5) , and the feedback gains ( , )   are set as ( 0.01,0.01)− . Under the time-delayed 
feedback control of displacement and velocity, as shown in Figs. 6(a) and 6(b), the controlled system exhibits better 
performance in both 
rmsV  and %  compared with the uncontrolled case, especially for the weak noise.  
Figures 6(c) and 6(d) show the comparisons of controlled case and the controlled case just by displacement. 
As shown in Fig. 6(c), the output SNRs in both cases exhibit multi SR phenomenon as time delay 
1  increases, 
which indicates that delay-induced SR occurs. In addition, the curves of SNR keep the same non-monotonic 
movement, i.e., the positions of 
1  in maximizing SNR are the same. Meanwhile, it can be seen in Fig. 6(d) that 
rmsV  and %  reach the local maximum at the same time delay 1  in maximizing SNR, which indicates that the 
system performance in the output RMS voltage and the power conversion efficiency can be optimized by 
delay-induced SR behavior. Moreover, for the controlled system with a positive control intensity of velocity 
coupled with an appropriate time delay, i.e., 
2( , ) (0.005,2.5)  = , it can be observed intuitively in both subplots 
that SNR, 
rmsV  and %  for the delay-controlled case are better than those for the controlled case just by 
displacement. Thus, the delay-controlled energy harvester can achieve certain desirable optimization in the output 
RMS voltage and the power conversion efficiency by choosing the appropriate combination of time delay under the 
rotational environment, which has a great of realistic significance in optimizing the performance for VEH. 
 
  
Fig. 6(a) The power conversion efficiency %  as a function of D with the delay-controlled and uncontrolled cases; (b) the output 
RMS voltage 
rmsV  as a function of D  with the delay-controlled and uncontrolled cases; (c) the variation of SNR with the controlled 
case and the controlled case just by displacement; (d) the variations of 
rmsV  and  %  with the controlled case and the controlled 
case just by displacement. 
5. Conclusions 
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In this paper, for purpose of optimizing energy harvesting performance of VEH from the viewpoint of 
vibration control, the time-delayed feedback control of displacement and velocity are constructively proposed into 
an electromechanical coupled VEH mounted on a rotational automobile tire, which is driven by colored noise and 
periodic excitation. By applying the improved stochastic averaging procedure based on the energy-dependent 
frequency, the effects of time-delayed feedback control on the stochastic stationary response and SR on the 
bi-stable VEH are discussed based on theoretical analysis. Meanwhile, the output RMS voltage and the power 
conversion efficiency affected by time delays are also analyzed in detail to evaluate the delay-controlled 
optimization. The obtained interesting conclusions are drawn as follows: 
1) The theoretical results of SPD and SNR obtained by the improved stochastic averaging procedure are well 
verified by the numerical results through MCS. 
2) Both the mean output power [ ]E P  and the SR behavior of the delay-controlled VEH can be optimized 
by choosing the appropriate combination of time delays and feedback gains. A larger negative feedback 
gain   of displacement and a larger positive feedback gain   of velocity are more beneficial to the 
harvested power and the SR behavior for the controlled VEH. Time delays 
1  and 2  can induce 
non-monotonic phenomenon and multi-peak appearing in the mean output power and SNR. Interesting 
finding is that the optimal combination of time delays in maximizing SNR is almost perfectly consistent 
with that in maximizing the mean output power.  
3) Both noise-induced SR and delay-induced SR occur. Time delay is able to not only enhance the SR 
behavior but also weaken it for the delay-controlled VEH. Moreover, the output RMS voltage 
rmsV  and 
the power conversion efficiency %  reach the local maximum at the same time delay in maximizing 
SNR such that they can be optimized by delay-induced SR behavior. 
4) Compared with the uncontrolled VEH, the controlled VEH exhibits better performance in the output RMS 
voltage and the power conversion efficiency, especially for the weak noise. All comparisons indicate that 
the delay-controlled VEH can achieve certain desirable optimization in harvesting energy by choosing the 
appropriate combination of time delay under the rotational environment, which has a great of realistic 
significance in optimizing the performance for VEH. 
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